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Abstract. We treat N -extended supergravity in 2 + 1 space-time dimensions as a Yang–Mills gauge field
with Chern–Simons action associated to the N -extended Poincaré supergroup. We fix the gauge of this
theory within the Batalin–Vilkovisky scheme.

1 Introduction

Since Einstein achieved his theory, gravity has been treated
as a particular geometry of space-time. The metric is what
determines this geometry which, in the first order formal-
ism, is described by the vierbein – or more precisely the
dreibein in the context of the present paper – and a Lorentz
connection. The dreibein components form a basis of the
tangent vector space, equiped with a Lorentz structure.
The metric is then derived from the dreibein. The Lorentz
connection, considered as an independent field, turns out
to be a functional of the dreibein by virtue of the field equa-
tions. In this case the action is that of Einstein–Palatini.
N -extended supergravity is a supersymmetric generaliza-
tion of gravity with N supersymmety generators. We shall
be interested in N -extended supergravity in 3-dimensional
space-time, a general presentation of which including con-
formal N -extended supergravity having been given in [1].

Witten [2] described gravity in 2 + 1 dimensions as a
gauge theory, writing the gravity fields as a Yang–Mills
field with a Chern–Simons action and showing the equiva-
lence of the Chern–Simons and Einstein–Palatini actions.
The gauge group of this theory is that of Poincaré, which
may be extended to the de Sitter or anti-de Sitter groups,
corresponding to a positive or negative, cosmological con-
stant, respectively.

The equivalence of 3-dimensional gravity with a Chern–
Simons theory can be generalized to the case ofN -extended
supergravity, taking the Poincaré, de Sitter or anti-de Sitter
supergroup as gauge group [3,4]. All one needs is an invari-
ant quadratic form for these supergroups from which one
can construct the Chern–Simons action, the latter being
then interpreted as the N -extended supergravity action.
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The author of [4] did this for the anti-de Sitter supergroup
considered as the product of two ortho-simplectic super-
groups:

AdS(p, q) = OSP+(p, 2; �) ×OSP−(q, 2; �)

(where p + q = N is the total number of supersymme-
try generators). They considered various limiting cases, in
particular the super-Poincaré limit of vanishing cosmolog-
ical constant.

Our purpose is to implement a convenient gauge fix-
ing of thisN -extended super-Chern–Simons theory, taking
into account the existence of a local vector supersymmetry
generally associated to diffeomorphism invariance as usual
in such topological theories [5]. Because of the latter in-
variance the complete gauge algebra closes only on-shell.
We shall use therefore the Batalin–Vilkovisky version of
the BRST gauge fixing scheme [7]. In order to obtain the
gauge fixed action in a concise way we shall use a formal-
ism of extended fields, i.e. superpositions of forms of all
possible degrees [8, 10].

We choose to work in the present paper directly in the
super-Poincaré limit of zero cosmological constant. The
construction for super-de Sitter with non-vanishing cos-
mological constant is similar [9] and will not be explicitly
treated here.

The plan of this paper is the following. Section 2 reviews
the construction of 3-dimensionalN -extended supergravity
as aChern–Simons theory following [4] and then analyses all
the gauge invariances, putting them together in a BRST
operator and writing the corresponding Slavnov–Taylor
identity. The gauge fixing is performed in Sect. 2.2. The
paper ends with a concluding section.

2 N -extended supergravity

In order to construct an N -extended supergravity theory
à la Chern–Simons in 3-dimensional space-time, with zero
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cosmological constant, we choose theN -extended Poincaré
supergroup as a gauge group, whose Lie superalgebra is1:

[Ja, Jb] = εabcJc, [P a, P b] = 0,

[Ja, P b] = εabcPc, [Ja, QI
α] = − 1

2
(γa)β

αQ
I
β ,

[P a, QI
α] = 0, [QI

α, Q
J
β ] = δIJ (γa)αβ P

a . (2.1)

P a, Ja and QI
α are the generators of space-time transla-

tions, Lorentz transformations and supersymmetry trans-
formations, respectively, the QI ’s being Majorana spinors.
The indices take the values a = 0, 1, 2 (Poincaré index),
α = 1, 2 (spin index) and I = 1, . . . , N (rigid SO(N) in-
dex). The tangent space metric is Minkowski of signature
is (− + +), the Levi-Civita tensor for the Poincaré indices
εabc = εabc is defined by ε123 = 1 and the spin Levi-Civita
tensor εαβ = εαβ by ε12 = 1. The latter is used in order
to lower and raise the spin indices as follows: uα = µβεβα,
uα = εαβuβ . We also have εαγεγβ = −δα

β . The Dirac ma-
trices (γa β

α ) are chosen real: γ0 = −iσy, γ1 = σz, γ2 = σx,
the σ’s being the Pauli matrices. In this representation the
Majorana spinors have real components: u∗

α = uα and ūα

≡ (u+γ0)α = εαβuβ = uα.
Let us collect in one array XA the basis elements of

the superalgebra:

{XA} = {Pa, Jb, Q
I
α ; a, b = 0, 1, 2 ; α = 1, 2 ;

I = 1, . . . , N} .
In order to construct a Chern–Simons action, we need

a non-degenerate invariant quadratic form

〈Φ1, Φ2〉 = gabΦ
A
1 Φ

B
2 , with Φ1,2 = ΦA

1,2XA , (2.2)

invariant under the adjoint action of the superalgebra

δAΦ1,2 = [Φ1,2, XA] .

Such a quadratic form may be derived from the following
quadratic Casimir operator of the algebra (2.1):

C = CABXAXB = P aJa − 1
4
QIαQI

α, (2.3)

namely

(gAB) =
1
2

(−1)[XA] (
C−1

AB

)

=


 0 (δab) 0

(δab) 0 0
0 0 (2εαβ)


 , (2.4)

where [XA] = 0, 1 if XA is an even, odd generator, respec-
tively.

Writing theLie algebra valuedYang–Mills connection as

A = AAXA = eaPa + ωaJa + ψIαQI
α , (2.5)

1 The “graded bracket” ( , ) is an anticommutator if both
entries are odd, and a commutator otherwise.

where ea, ωa and ψαI are the dreibein, spin connection
and gravitino 1-forms, respectively, we can now write the
Chern–Simons action as follows:

SCS =
1
2

∫ 〈
A,dA+A2〉

= −
∫ [

ea

(
dωa +

1
2
εabcω

bωc

)
+ ψI

αdψIα

+
1
2
ωaψIαψIβγaαβ

]
. (2.6)

The symbol 〈 , 〉 denotes the invariant quadratic form (2.2).
This action is obviously invariant under rigid SO(N) trans-
formations, under which ψ transforms as a vector and the
remaining fields as scalars. We may turn this invariance into
a local SO(N) invariance substituting the derivative dψI

through the covariant derivative DOψ
I = dψI + AIJ

O ψJ ,
where AIJ

O is a non-dynamical SO(N) connection.
The fields AIJ

O then play the role of sources of the
conserved Noether currents

jIJµ = εµνρψI
ανψ

Jα
ρ

of the SO(N) symmetry. We may observe that the connec-
tion AO cannot be made a dynamical field for the reason
that a quadratic Casimir operator such as (2.3) contain-
ing the SO(N) generators is not invertible, hence does not
lead to the invariant quadratic form necessary for writing
a kinetic action. This is in contrast with what happens in
the super-anti-de Sitter case, where the relevant quadratic
Casimir operator is indeed invertible [4, 9].

The first term in (2.6) is the Einstein–Palatini action
and the others are the kinetic term of the gravitino and its
interaction with the spin connection.

The equations of motion derived from the action (2.6)
read2

δS
δea

= dωa +
1
2
εabcω

bωc ∗= 0 , (Curvature),

δS
δωa

= dea + εabce
bωc +

1
2
ψIαψIβγaαβ

∗= 0 ,

(Torsion),

δS
δψI

α

= 2
(

dψIα − 1
2
ωaγα

aβψ
Iβ

)
∗= 0 . (2.7)

(Rarita–Schwinger).

We see that the curvature is zero. The torsion equation gives
us the spin connection as a function of the dreibein and
the gravitino. The Rarita–Schwinger equation expresses
the vanishing of the gravitino covariant derivative with
respect to the gauge group SO(1, 2). The local symmetries
of the action are expressed as its invariance under the
BRST transformations

sA = −dC − [A,C], sC = −C2, s2 = 0 , (2.8)

2 The symbol ∗= means equal up to an equation of motion
(“on-shell”).
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where the Faddeev–Popov ghost C is written in the adjoint
representation of the Poincaré supergroup:

C = CAXA = caTPa + caLJa + cIα
S QI

α ;

the fields caT, caL, cIα
S are the ghosts associated to space-time

translations, Lorentz and supersymmetry transformations,
respectively. They are 0-forms of ghost number 1 by def-
inition. The ghosts caT, caL are odd and cIα

S is even. In
components, the BRST transformations read

sea = −dcaT + εabcω
ccbT + εabce

ccbL − γa
αβψ

IαcIβ
S ,

sωa = −dcaL + εabcω
ccbL ,

sψIα = −dcIα
S +

1
2
γ α

aβ ωacIβ
S +

1
2
γ α

aβ ψIβcaL ,

scaT = εabcc
c
Tc

b
L − 1

2
γa

αβc
Iα
S cIβ

S ,

scaL =
1
2
εabcc

c
Lc

b
L ,

scIα
S =

1
2
γ α

aβ caLc
Iβ
S . (2.9)

The BRST invariance can be expressed through a Slavnov–
Taylor identity. We introduce the Batalin–Vilkovisky anti-
fields A∗ and C∗ associated to A and C:

A∗ = ω∗aPa + e∗aJa + ψ∗αIQI
α ,

C∗ = c∗a
L Pa + c∗a

T Ja + c∗Iα
S QI

α , (2.10)

and an action coupling them to the BRST transformations
of A and C:

Sext =
∫

( 〈A∗, sA〉 + 〈C∗, sC〉)

=
∫ (

e∗se+ ω∗sω + ψ∗I
α sψ∗αI

+ c∗LscL + c∗TscT + c∗Iα
S scISα

)
. (2.11)

The exterior field A∗ is a 2-form of ghost number −1 and
C∗ a 3-form of ghost number −2. The Grassmann parities
of the fields A, C, A∗ and C∗ are determined through their
total degree: ghost number plus form degree. The field
is even (commuting) or odd (anticommuting) if its total
degree is even or odd, respectively.

The total action

S = SCS + Sext (2.12)

obeys the Slavnov–Taylor identity

S (S) =
∫ ∑

ϕ=A,C

δS
δϕ∗

δS
δϕ

= 0. (2.13)

We can work in a more compact way defining an extended
field [8] Ãwritten as the sum of forms of all possible degrees
(in our case, degrees 0 to 3):

Ã = C +A+A∗ + C∗ , (2.14)

the total degree of Ã being equal 1. We also define an
extended exterior derivative d̃ = b+ d, where b is a BRST
type operator such that b2 = [b,d] = 0, and therefore
d̃2 = 0. The extended zero curvature condition is

F̃ = d̃Ã+ Ã2 = 0. (2.15)

This condition gives us the b transformation of the ex-
tended field

bÃ = −dÃ− Ã2 , (2.16)

and hence of its components C, A, C∗ and A∗. The oper-
ator b can be interpreted as the linearized Slavnov–Taylor
operator associated with an action S(ϕ,ϕ∗):

b = SS =
∑

ϕ=A,C

∫
δS
δϕ∗

δ
δϕ

+
δS
δϕ

δ
δϕ∗ , (2.17)

provided the action S is a solution of the equations

δS
δϕ∗ = SSϕ = bϕ ,

δS
δϕ

= SSϕ
∗ = bϕ∗

(ϕ = C, A) . (2.18)

The general solution of the latter equations is the ac-
tion (2.12). This argument shows that one could have pro-
ceeded in a reversed way as well, namely beginning with
the construction of a nilpotent operator b acting on the
fields and antifields, and then deriving the action as a so-
lution of (2.18). This is the procedure we shall follow in
the next subsection. Note that the fulfilment of (2.18) au-
tomatically ensures [9] the validity of the Slavnov–Taylor
identity (2.13).

2.1 Diffeomorphism and vector SUSY

As a topological one, our theory must be invariant under
the diffeormorphisms or general coordinates transforma-
tions. As we want to include them in the BRST operator,
we treat the infinitesimal diffeormorphism parameter as a
ghost vector ξ = ξµ∂µ, the components ξµ being odd. The
diffeormorphism transformation

δdiff ϕ = Lξϕ , δdiff ϕ∗ = Lξϕ
∗ , (2.19)

where Lξ is the Lie derivative associated with the vector
field ξ, may thus be added to the BRST operator. We
do it in the extended field formalism, still including the
local vector supersymmetry transformation which uses to
accompany diffeomorphism invariance [5]. The ghost of the
latter is an even vector field v = vµ∂µ of ghost number 2
which happens to contribute to the BRST transformation
of the diffeomorphism ghost ξ. In order to get this more
general BRST operator, we define, as explained in the end
of the last subsection, a nilpotent b-operator which reads,
for the extended field and the new ghosts,

bÃ = −dÃ− Ã2 + LξÃ− ivÃ ,

bξ = ξ2 + v , bv = [ξ, v] . (2.20)
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For each form degree this gives

bC = −C2 + LξC − ivA ,

bA = −dC − [A,C] + LξA− ivA
∗ ,

bA∗ = −dA−A2 − [A∗, C] + LξA
∗ − ivC

∗ ,

bC∗ = −dA∗ − [A∗, A] − [C∗, C] + LξC
∗ ,

bξ = ξ2 + v ,

bv = [ξ, v] (2.21)

or, in components,

bcaT = εabcc
c
Tc

b
L − 1

2
γa

αβc
Iα
S cIβ

S + Lξc
a
T − ive

a,

bcaL =
1
2
εabcc

c
Lc

b
L + Lξc

a
L − ivω

a,

bcIα
S =

1
2
γα

aβc
a
Lc

Iβ
S + Lξc

Iα
S − ivψ

Iα,

bea = −dcaT + εabce
ccbL + εabcω

ccbT − γa
αβψ

IαcIβ
S

+Lξe
a − ivω

∗a,

bωa = −dcaL + εabcω
ccbL + Lξω

a − ive
∗a,

bψIα = −dcIα
S +

1
2
γα

aβω
acIβ

S +
1
2
γα

aβψ
IβcaL

+Lξψ
Iα − ivψ

∗Iα, (2.22)

and, for the anti-fields,

be∗a = −dea + εabce
cωb − 1

2
γa

αβψ
IαψIβ

+εabce
∗ccbL + εabcω

∗ccbT − γa
αβψ

∗IαcIβ
S

+Lξe
∗a − ivc

∗a
T ,

bω∗a = −dωa +
1
2
εabcω

cωb + εabcω
∗ccbL

+Lξω
∗a − ivc

∗a
L ,

bψ∗Iα = −dψIα +
1
2
γα

aβω
aψIβ +

1
2
γα

aβω
∗acIβ

S

+
1
2
γ α

aβ ψ∗IβcaL + Lξψ
∗Iα − ivc

∗Iα
S ,

bc∗a
T = −de∗a + εabce

∗cωb + εabcω
∗ceb

−γa
αβψ

∗IαψIβ + εabcc
∗c
T c

b
L + εabcc

∗c
L c

b
T

−γa
αβc

∗Iα
S cIβ

S + Lξc
∗a
T ,

bc∗a
L = −dω∗a + εabcω

∗cωb + εabcc
∗c
L c

b
L + Lξc

∗a
L ,

bc∗Iα
S = −dψ∗Iα +

1
2
γ α

aβ ω∗aψIβ

+
1
2
γ α

aβ ψ∗Iβωa +
1
2
γ α

aβ c∗a
L cIβ

S

+
1
2
γ α

aβ ψ∗IβcaL + Lξc
∗Iα
S . (2.23)

Now the operator b can be interpreted as the following lin-
earized Slavnov–Taylor operator associated with an action

S(ϕ,ϕ∗, v, ξ):

SS =
∫ ∑

ϕ=A,C

δS
δϕ∗

δ
δϕ

+
δS
δϕ

δ
δϕ∗ +

∑
u=v,ξ

bu
δ

δu
, (2.24)

with the transformations bu explicitly3 given in (2.21).
Indeed, (2.18) are solved by the action

S(ϕ,ϕ∗, ξ, v) = − 1
2

∫ 〈
Ã,dÃ+

2
3
Ã2 − LξÃ+ ivÃ

〉
.

(2.25)
The integral of an extended form is defined as the integral
of its 3-form terms. This action yields

S(ϕ,ϕ∗, ξ, v) =
∫ (

− 1
2

〈
A, dA+

2
3
A2

〉

+ 〈A∗, −dC − [A,C] + LξA〉
+

〈
C∗,−C2 + LξC − ivA

〉

− 1
2

〈A∗, ivA∗〉
)
. (2.26)

2.2 Gauge fixing

The gauge invariant action obtained in the preceding sub-
section has still to be gauge fixed. We shall use the Batalin–
Vilkovisky scheme [7, 10]. The total action will then have
the form

S = SCS + Sext + Sgf . (2.27)

In order to determine the gauge fixing part Sgf , we choose
the Landau gauge condition, which necessitates the intro-
duction of a non-dynamical background metric gµν

4. In
differential form notation, the gauge condition reads

d ∗A =
√
g∇µA

µd3x ,

where ∇µ is the covariant derivative with respect to the
background metric. It will be implemented through a Lau-
trup–Nakanishia Lagrange multiplier B and its associated
Faddeev–Popov antighost C̄, both being 0-forms and Lie
algebra valued:

C̄ = C̄AXA = c̄aTPa + c̄aLJa + c̄αI
S QI

α ,

B = BAXA = Ba
TPa +Ba

LJa +BαI
S QI

α , (2.28)

their BRST transformations being defined by

sC̄ = B , sB = 0 . (2.29)

The total gauge fixed action S(ϕ,ϕ∗, ξ, v, B, C̄) obeying
the Slavnov–Taylor identity,

3 This means that we consider the ghost ξ and v as external
fields.

4 The dynamical metric is represented by the dreibein ea
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S(S) (2.30)

=
∑
ϕ

∫ (
δS
δϕ∗

δS
δϕ

+ (ξ2 + v)
δS
δξ

+ [ξ, v]
δS
δv

+B
δS
δC̄

)

= 0 ,

is given, according to Batalin and Vilkovisky, by

S(ϕ,ϕ∗, B, C̄) = S(ϕ, ϕ̂∗) +
∫
Bd ∗A , (2.31)

where the antifields ϕ∗ in (2.26) have been replaced by

ϕ̂∗ = ϕ∗ +
δΨ
δϕ

,

the “Batalin–Vilkovisky fermion”, Ψ being a local func-
tional of ghost number −1, chosen here as

Ψ = Ψ(ϕ, C̄) =
∫

dC̄ ∗A =
∫
A ∗ dC̄. (2.32)

We thus have

Â∗ = A∗ + ∗dC̄ , Ĉ∗ = C∗ , (2.33)

and the total gauge fixed action reads

S(ϕ,ϕ∗, ξ, v) =
∫ (

− 1
2

〈
A, dA+

2
3
A2

〉

+
〈
Â∗, −dC − [A,C] + LξA

〉

+
〈
C∗,−C2 + LξC − ivA

〉

− 1
2

〈
Â∗, ivÂ∗

〉)
. (2.34)

In terms of the components fields ea, etc., we have

S = −
∫ (

eadωa +
1
2
εabce

aωbωc + ψI
αdψIα

− 1
2
ψI

αω
aψIβγ α

aβ

+ ê∗a
(−dcTa + εabce

ccbL + εabcω
ccbT

− γaαβψ
IαcIβ

S + Lξea

)
+ ω̂∗a

(−dcLa + εabcω
ccbL + Lξωa

)

+ ψ̂∗I
α

(
−dcIα

S +
1
2
cIβ
S ωaγ α

aβ +
1
2
γaα

β cLaψ
Iβ

+ Lξψ
Iα

)

+ ĉ∗a
T

(
εabcc

c
Tc

b
L − 1

2
γaαβc

Iα
S cIβ

S

+ LξcTa − ivea

)

+ ĉ∗a
L

(
1
2
εabcc

c
Lc

b
L + LξcLa − ivωa

)

+ ĉ∗I
Sα

(
1
2
γα

aβc
a
Lc

Iβ
S + Lξc

Iα
S − ivψ

Iα

)

− 1
2
ω̂∗aiv ê

∗
a − 1

2
ê∗aivω̂

∗
a − 1

2
ψ̂∗I

α ivψ̂
∗αI

+Ba
Td ∗ ωa +Ba

Ld ∗ ea +BI
Sαd ∗ ψαI

)
,(2.35)

where

∗dBµν =
1

2
√
g
ε ρ
µν ∂ρB , (2.36)

and
ê∗a = e∗a − ∗dc̄aT , ω̂∗a = ω∗a − ∗dc̄aL ,

ψ̂∗Iα = ψ∗Iα − ∗dc̄Iα
S ,

ĉ∗a
T = c∗a

T , ĉ∗a
L = c∗a

L , ĉ∗Iα
S = c∗Iα

S . (2.37)

This is a gauge fixed action for 2 + 1-dimensional N -
extended supergravity.

3 Conclusion

In this work we have achieved the gauge fixing in the
Batalin–Vilkovisky scheme, of 2 + 1-dimensional N -ex-
tended supergravity considered as a topological field theory
of the Chern–Simons type, the gauge group being the N -
extended Poincaré supergroup. We have used the formalism
of extended fields in order to express the BRST algebra,
the Slavnov–Taylor identity and the action in a compact
and manageable way.

It would be interesting to consider the construction in
terms of a super-BF topological theory, with the Lorentz
group as a gauge group. This approach would have the
advantage of making possible a generalization to higher di-
mensions, the superB-field being thenhowever subjected to
appropriate constraints [6], as in the non-supersymmetric
case (see e.g. [11]).
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